In this paper we propose an exactly soluble model in two-dimensional honeycomb lattice, from which two phases are found. One is the usual Chern/topological insulating state and the other is an interesting Z2 fractionalized Chern/topological insulator. While their bulk properties are similar, the edge-states of physical electrons are quite different. The single electron excitation of the former shows a free particle-like behavior while the latter one is gapped, which provides a definite signature to identify the fractionalized states. The transition between these two phases is found to fall into the 3D Ising universal class. Significantly, near the quantum transition point the physical electron in the edge-states shows strong Luttinger liquid behavior. An extension to the interesting case of the square lattice is also made. In addition, we also discuss some relationship between our exactly soluble model and various Hubbard-like models existing in the literature. The essential difference between the proposed Z2 fractionalized Chern insulator and the hotly pursued fractional Chern insulator is also pointed out. The present work may be helpful for further study on the fractionalized insulating phase and related novel correlated quantum phases.
I. INTRODUCTION
The topological insulators/superconductors discovered recently, which cannot be described by the classic Landau symmetry-breaking theory, [1] [2] [3] have motivated many studies in these novel states of matter. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] The topological insulators are gapped in the bulk but have gapless helical edge-state protected by the time-reversal symmetry. Recently, the idea of topological insulators has been expanded into the symmetry-protected topological (SPT) states, which are bulk-gapped quantum phases with symmetries, and have gapless or degenerate boundary states as long as the symmetries are not broken.
20-30
Another kind of state of matter beyond the Landau symmetry-breaking paradigm is the well-known integer quantum Hall (IQH) states and the fractional quantum Hall (FQH) states. 1 The former exhibits integer quantized Hall conductance in the external magnetic field while the latter shows the topological order and has exotic fractional charge excitations and fractional statistics. The Chern insulator is a band insulator exhibiting a nonzero quantized Hall conductance but preserving the lattice translational symmetry. It is a natural extension of IQH in the lattice systems without any external magnetic field. 31, 32 When including strong interaction with appropriate electron-filling, fractional Chern insulator may exist in certain models and their nature has been extensively explored.
32-44
In most cases, interaction effect in above mentioned topological states is not easy to treat, thus many approximate analytical and/or numerical techniques and phenomenological approaches have to be utilized to acquire intuitive physics. Here we show a kind of exactly soluble models which may realize certain fractionalized Chern/topological insulators-like states in suitable parameter space. Our proposed model is motivated by the study of the orthogonal metals, [45] [46] [47] [48] which have the same thermal and transport behaviors as the usual Landau Fermi liquid but with gapped single particle spectrum. Authors in Refs. [45] [46] [47] [48] mostly focused on the issue of the exotic metallic states with the aim at possible non-Fermi liquid behaviors and the elusive critical Fermi surfaces.
49
Here we are interested in possible Z 2 fractionalized states, which are hard to be identified by their bulk properties but their edge-states of physical electrons are gapped in contrast to their non-fractionalized counterparts, which can be used to identify these Z 2 fractionalized states. This is an interesting feature shown in the present paper, which has not been reported in the previous works. The model we proposed is defined on various two dimensional lattices at half-filling with the superficial Z 2 gauge structure. We provide an explicit formalism for the case of the honeycomb lattice and extend it to the interesting square lattice case. Using the dual transformation for the Z 2 lattice gauge fields, the original model can be written as two decoupling Hamiltonian. One part describes a quantum transverse Ising model while the other is just free auxiliary fermion similar to the celebrated Haldane or Kane-Mele model. 5, 31 The free auxiliary fermion always contributes quantized charge or spin Hall conductance while the dual quantum Ising model supports a second-order quantum phase transition. The behavior of physical electrons is determined by combining these two parts and we find that the bulk properties are difficult to use for distinguishing Z 2 fractionalized Chern/topological insulators from the usual Chern/topological insulating states.
Significantly, the edge-states of physical electrons have rather different behavior for the fractionalized and the usual non-fractionalized states, which provides a definite signature to identify the fractionalized states from the non-fractionalized ones. In the fractionalized states, since physical electrons lose their coherence, the corresponding single electron excitation in edge-states are gapped while gapless edge-states survive in the usual Chern/topological insulating states because the auxiliary free fermions have non-zero weight of the physical electrons. ( We should emphasize that although the single electron excitation is gapped in the fractionalized states, the static and dynamical many-particle correlations, e.g. density-density or spin-spin correlation, are still gapless in those states as what have been shown in Ref. [17] .) 50 More interesting, when the dual Ising model approaches its quantum critical point, the Green's function of physical electron in the edge-states will show the strong Luttinger liquid behavior in contrast to the case of usual free particles.
In addition, we have further made a comparable study to the fractionalized quantum spin Hall (QSH * ) state in Ref. 17 and have extended our discussion to the case of the square lattice with a modified model. Particularly, for the square lattice, we expect that a chiral topological superconducting phase and its Z 2 fractionalized version may appear when the attractive local interaction is introduced. Since our exactly soluble models may not appear in many real models for condensed matter physics, in term of the Z 2 slave-spin mean-field approximation, 51, 52 we have suggested that similar fractionalized states may appear in various Hubbard-like models without intrinsic degree of freedom for gauge fields. The relation of Z 2 fractionalized Chern insulators found in the present work to the fractional Chern insulator Refs. [32] [33] [34] [35] [36] is explored, which shows that such two kinds of fractionalized states are rather distinct in their nature and constructing exactly soluble models for the desirable fractionalized Chern insulators is still widely open. 39 We also provide a brief discussion on the relation to orthogonal metals [45] [46] [47] [48] and fractional topological insulators.
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The remainder of this paper is organized as follows. In Sec. II, we first introduce the basic exactly soluble model without spin degree of freedom on the honeycomb lattice and discuss two useful limit cases for this model. Then Sec. III provides the solution of the basic model in terms of a dual transformation for the Z 2 gauge-field. States with and without Z 2 fractionalization are found and one of them is identified as the Z 2 fractionalized Chern insulator state while the other is the usual Chern insulator. The bulk features are distinct in the topological level, which emphasizes the confinement and deconfinement of two states. Properties of the corresponding edge-states are studied in detail. In Sec. IV, the spin degree of freedom is included and the resulting states are also analyzed. In Sec. V, we present some possible extensions including the interesting soluble model on the square lattice and discussions on related issues. Finally, Sec. VI is devoted to a brief conclusion.
II. AN EXACTLY SOLUBLE MODEL
We propose following model defined on the honeycomb lattice at half-filling,
where 
In other words, Z 2 field in different sites commutes with each other while the ones on the same sites obey the usual commutation relation of spin-1/2 Pauli matrix.) In H I , h-term can be considered as the kinetic energy while J-term acts like a potential (j = i+δ a denotes three nearest-neighbor sites).
[Readers who are not familiar with the lattice gauge theory may find Ref. [53] readable and useful.] H c will be the standard Haldane model defined on the honeycomb lattice if Z 2 gauge field is ignored. The first term of H c is the usual hopping term between nearest-neighbor sites with tuning by the Z 2 fieldσ z ij . The phase ϕ ij = ± 1 2 π in the next-nearest-neighbor hopping term in H c is introduced to give rise to a quantized Hall conductance without external magnetic fields and the positive phase is gained with anticlockwise hopping. Here two Z 2 gauge fields are introduced to enforce the Z 2 gauge invariance and the label l inσ z ilσ z lj should be taken as the intermediate site between i and j sites.
One may find our model is similar to the exactly soluble models provided in the study of the orthogonal metals. [45] [46] [47] [48] Actually, this model is motivated by those works but we here focus on different respects. We are interested in the possible unusual gapped states while those authors mostly studied the metallic states in order to find possible non-Fermi liquid behaviors and the exotic critical Fermi surfaces. Since this model is insulating, its ground-state is hard to be identified by their bulk properties but one will find that the edge-states of physical electrons play a crucial role. This is not studied in the previous works for the orthogonal metals and is an interesting feature in the present paper. In addition, the authors in Ref. [17] also studied the unusual Z 2 gapped states (QSH * ) with the Z 2 slave-spin mean-field approach, we will discuss this point in Sec. IV and V.
Below we first analyze two simplified cases, which recover two models extensively discussed in the literature. We first consider the first part H I decoupled with the conduction electrons, the resultant Hamiltonian reads
A careful reader may find this model could be considered as a Kitaev toric code model defined on a honeycomb lattice with a external field term h. 54 Therefore, readers who are familiar with that model can skip this subsection without missing any important physics. This model has the Z 2 gauge symmetry (structure) and can be seen as follows. A careful reader may find this model could be considered as a Kitaev toric code model defined on a honeycomb lattice. First, one can define the Z 2 gauge transformation operator asĜ i = j∈hexagon σ z ij and this operator flips all Ising gauge fieldσ x ij in the ith hexagon. Since J-term covers two Ising gauge fields in the same hexagon, this term is obviously unchanged when the Z 2 gauge transformationĜ i is utilized. Therefore, the Hamiltonian (2) is invariant under the operation ofĜ i , thus it has the expected Z 2 gauge symmetry (invariance). One can also check that [Ĝ i , H I ] = 0, which means that the Hamiltonian has the local (gauge) symmetry enforced byĜ i . SinceĜ There are two limit situations which are easy to analyze. First, if J, W ≫ h, the ground-state should have j=i+δaσ x ij = 1 and this is just the deconfined state for the Z 2 gauge theory. However, when J, W ≪ h, the ground-state can be obtained by setting allσ z ij = 1 and the resultant state is the confined state for the Z 2 gauge theory. More importantly, any physical excitation must carry zero gauge charge in the confined state in contrast to the case of deconfined state where fractionalized excitation with nonzero gauge charge are permitted in principle. Such feature for the excitation will be manifested when matter fields (electrons) are included in the gauge theory model.
To sharpen our understanding of the above model, it is useful to carry out a dual transformation which transforms the Z 2 lattice gauge theory model into a simple (quantum) Ising model living on the honeycomb lattice. The dual transformation is defined as Then, the dual Hamiltonian reads as
which is just the well-known quantum transverse Ising model on the honeycomb lattice and the W term is neglected since it only contributes constant energy. 2 We should emphasize that the Z 2 gauge transformation operatorĜ i = j=i+δaσ x ij = 1 due to above dual transformation and no constraints are needed for the dual Hamiltonian in contrast to the original one. The ground-state phase diagram of the quantum transverse Ising model is clear: it has two phases characterized by the usual Landau local order parameter τ x i = 0 (the paramagnetic phase) and τ x i = 0 (the ferromagnetic phase).
2 Besides, a second-order quantum phase transition exists between those two phases whose critical behaviors belong to the 3D Ising universal class.
2
Some readers may wonder why we do not use the standard Z 2 gauge theory model on the honeycomb lattice, which is more friendly and is more easy to analyze its topological order (For a detail see Appendix A). The reason is that in the standard model, the Z 2 gauge transformation operatorĜ i cannot automatically be unit after the dual transformation and this leads to unnecessary extra complications. Therefore, we use the modified Z 2 gauge theory model which reflects the same physics without caring about the unsatisfactory constraints. However, the modified Z 2 gauge theory model is not friendly if one considers its topological order although the modified Z 2 gauge theory model itself indeed shows the same topological order as the standard one.
Additionally, if one is only interested in the low-energy physics, the following ϕ 4 theory may be useful in this respect,
where r, u are effective parameters depending on microscopic details. (For the derivation and brief discussion on this effective action one can refer to Appendix B.) According to the above dual transformation, it is readily to see that the paramagnetic state of the quantum Ising model corresponds to the deconfined state of the original Z 2 gauge theory model while the ferromagnetic phase dualizes to the confined state. Moreover, the quantum critical point of the quantum Ising model translates to the deconfinement-confinement transition point though no Landau local order parameter can be reliably defined in the case of gauge theory model. (The Wilson loop can be defined in the gauge theory model but it is not a local operator and we will not study this point further in our present paper.)
B. The pure Haldane model
In this subsection, we will briefly review some important properties of the pure Haldane model (without any gauge fields coupled to the electrons), which is useful for our next discussion.
Our starting point is the usual Haldane model on the honeycomb lattice at half-filling
It is useful to rewrite this single-particle Hamiltonian in the momentum space as
where we have defined f (k) = e −ikx + 2e ikx/2 cos(
2 k y ) and A, B representing two nonequivalent sublattices of the honeycomb lattice, respectively. Then, by diagonalizing the above Hamiltonian, one obtains the quasiparticle energy band as
which preserves the particle-hole symmetry. It is wellknown that for 3 √ 3t ′ < t, the excitation gap mainly opens near six Dirac points (Only two of them are nonequivalent in fact). 15 Then, expanding both f (k) and γ(k) near two nonequivalent Dirac points ± K = ±(0,
), respectively, the gap can be found as ∆ gap = 6 √ 3t ′ and the quasiparticle energy reads E qσ± ≃ ± (
). The most interesting property of the Haldane model is that it gives rise to a quantized Hall conductance without applying the external magnetic field in contrast to the usual quantum Hall effect. The corresponding quantized Hall conductance can be readily calculated by
9 For the Haldane model, the single particle Hamiltonian can be rewritten h for the Haldane model. In literature, the ground-state of the Haldane model is called the Chern insulator since it exhibits a quantized Hall conductance without external magnetic fields and preserves the lattice translational symmetry of the honeycomb lattice.
31,32 Hereafter, we will use the Chern insulator when involving the ground-state for the Haldane model.
C. The low-energy effective theory for the pure Haldane model For the discussion of the low-energy physics, an effective 2 + 1D massive Dirac action can be obtained by expanding original Haldane model around two nonequivalent Dirac points ± K,
where γ µ = (τ z , τ x , τ y ) and ∂ µ = (∂ τ , ∂ x , ∂ y ) with τ z , τ x , τ y the Pauli matrices. Here the same indices mean summation. We have introduced the effective mass m = −3 √ 3t ′ of Dirac fermions and set the effective Fermi velocity v F = 3 2 t to unit. The Dirac fields are defined as ψ 1σ = (c 1Aσ , c 1Bσ )
aσ γ 0 with a = 1, 2 denoting the states near the two nonequivalent Dirac points ± K = ±(0,
) and T implying the transposition manipulation.
If the external electromagnetic field A µ = (iφ, A x , A y ) is introduced by the conventional minimal coupling (∂ µ → ∂ µ − ieA µ ), the resulting effective Dirac action coupled to the external electromagnetic field reads
. (6) By integrating out the Dirac fields, we get an effective Chern-Simons action, which represents the nontrivial electromagnetic response of the massive Dirac fermions to the external electromagnetic field A µ , 56 (For details, see Appendix C.)
where N = 2 (from the two nonequivalent Dirac points), ǫ µνλ is the usual all-antisymmetric tensor and the regular Maxwell term (∼ F 2 µν ) has been dropped out since the low energy physics is dominated by the ChernSimons term alone. Then, the physically observable quantized Hall conductance can be obtained from Alternatively, one may inspect the low-energy physics from the perspective of the corresponding edge-state. Firstly, the following effective Chern-Simon action reproduces the quantized Hall conductance of the Haldane model
where a µ is the auxiliary dynamic gauge field and it gives rise to the physical charge/particle current j µ = 1 2π ǫ µνλ ∂ ν a λ . According to the formalism in quantum Hall effect, 1 the so-called K-matrix in the present action is K = 1 with the charge-vector q = 1, thus the physical quantized Hall conductance is calculated as
h . Moreover, the ground-state of the present model is not degenerated in the torus due to |K| = 1 and the elementary quasiparticle is the usual fermion (electron) since the the exchange statistical angle θ is π, which means that the exchange of two identical quasiparticle leads to a π phase acquired in their wavefunction. The corresponding edge-state can be easily derived by standard bulk-edge correspondence for the effective abelian Chern-Simons theory,
with v denoting the non-universal velocity of edge states and φ being the bosonic representation for the edge-state modes. This edge-state can be refermionized by introducing the fermion operator ψ ∝ e iφ and the resulting action reads
The above edge-state mode contributes e 2 /h to the quantized Hall conductance and its gaplessness or the exactly quantized value for the Hall conductance is protected by the chiral feature of the edge-state.
III. THE CHERN INSULATOR AND THE Z2 FRACTIONALIZED CHERN INSULATOR
Having studied the pure Haldane Eq.(5) and the Z 2 gauge theory model Eq.(2), it is ready to discussion the full model Eq.(1) with both gauge field (Ising field) and matter field (electrons). For convenience of discussion, here we rewrite Eq. (1) as follows
Comparing this model to the Z 2 gauge theory model Eq.(2) and its related Z 2 gauge transformation operator, one may use the sameĜ i = j∈hexagon σ Here, let us first inspect the model (1) without resorting to its dual formalism. Since the physical electrons are gapped due to the next-nearest-neighbor hopping, one may integrate them out and the resulting Hamiltonian will be like the effective pure gauge field part
If the Z 2 gauge-field is in its deconfined state and W is small, one may set all j=i+δaσ x ij = 1 and neglect other two terms. Then the low-energy excitation in this case is the so-called Z 2 charge. 17 The Z 2 charge near site i can be seen as a manifold with j=i+δaσ x ij = −1 with others unchanged. When W becomes large, the system remains in the deconfined phase but there exists another low-lying excitation the Z 2 vortex (vison), which is created by setting certain j∈hexagon σ z ij = −1 while keeping others intact. 55 One can see that h-term adds or destroys the Z 2 charge (σ x ij in h-term flip the spin on the link thus creates or destroys the Z 2 charge.) while W -term do not change the number of Z 2 charge ( W -term commutes with J-term.). In addition, the deconfined Z 2 gauge theory has the so-called topological order, (A characteristic signature of the topological order is the ground-state degeneracy depending on the topology of the system) e.g., there exists four (two) degenerate ground-states if the system is put on a torus (cylinder). 57 We also note that an effective mutual U (1) × U (1) Chern-Simons theory can describe the low-energy behavior of the Z 2 gauge theory model.
where j µ and J µ represent the Z 2 charge and the Z 2 vortex, respectively. a µ , b µ are the auxiliary gauge fields whose Chern-Simons term represents the semionic mutual statistics between the Z 2 charge and the Z 2 vortex.
Since the K-matrix is K = 0 2 2 0 and |DetK| = 4, the mutual U (1) × U (1) Chern-Simons theory correctly reproduces the four degenerate ground-state on a torus.
When the gauge-field is confined, the h-term will dominate and the number of Z 2 charge is not well-defined. In other words, the Z 2 charge is condensed in this situation and we may consider the confined state is just the condensed state for the Z 2 charge. The ground-state in the large h limit is obtained by setting allσ z ij = 1. Instead, the elementary excitation is the Z 2 link created by σ z ij = −1. In addition, the previous mutual U (1) × U (1) Chern-Simons theory is not useful in this state due to the confined nature.
Then, we will immerse into the discuss with the help of the dual transformation. Following the same treatment in the last section, the dual transformation is defined by 
The above Hamiltonian can be further transformed via
and one arrives at a simple formalism
Comparing to Eq. h and the edgestate is described by Eq. (9) or Eq.(10). The topological properties of H f will be reliably captured by Eq. (7) or Eq.(8), as well.
A. The nature of two insulating states
Since the f fermion is always insulating and has the quantized Hall conductance, the ground-state of the whole system depends on the Ising field part Eq.(3). From the discussion in previous section, we know the Ising field part can appear in the ferromagnetic, paramagnetic and quantum critical state. In the case of ferromagnetic state τ x = 0, c i ≃ τ x f i and the physical electron behaves as the f fermion, which can be identified as the usual Chern insulator as what has been done in Sec. II. However, if the Ising field is paramagnetic ( τ x = 0), the physical electrons will not be a welldefined quasiparticle but the f fermion and Ising field will be useful quasiparticle excitations. In this case, the Z 2 gauge structure is meaningful since the elementary excitations are the f fermion and the Ising field, which both carry the Z 2 gauge charge. Therefore, we may identify this state as a Z 2 fractionalized state. When considering that such Z 2 fractionalized state is still insulating and has the quantized Hall conductance, we may call it the Z 2 fractionalized Chern insulator. We note that the paramagnetic state corresponds to the deconfined state of the original gauge field and in this case fractionalized excitations,e.g. f fermion andτ x , are meaningful and can be choose as the real quasiparticle. Instead, the ferromagnetic state is dual to the confined state of the Z 2 gauge theory and only physical electron c itself is the real quasiparticle excitations. Therefore, the dual Hamiltonian can reproduce correct results as expected from the original model. When the Ising field part is quantum critical, the system will approach its quantum transition point and the critical behaviors will be determined by the Ising field part of Eq. (4), which means that the transition from the usual Chern insulator to the Z 2 fractionalized Chern insulator falls into the classic 3D Ising universal class. (The critical exponents for the 3D Ising universal class are α = 0.11, β = 0.32, γ = 1.24, δ = 4.9, ν = 0.63, η = 0.04, z = 1.)
It is interesting to see that the two insulating states (the Chern insulator and the Z 2 fractionalized Chern insulator) discussed above are rather different but they cannot be distinguished by Landau symmetry-breaking theory and the usual topological quantum number such as the (first) Chern number. Therefore, one has to find other methods to identified these two phases when more general and complex models are encountered. A straightforward idea is to check the Green's function of physical electrons in bulk but it does not work since they are both insulating and their Green's function of physical electrons are both gapped. However, the single particle Green's function of physical electrons in the edge may solve this issue since the Chern insulator will have a gapless edgestate while the Z 2 fractionalized Chern insulator only has a gapped one. We will visit this important issue in the following subsection.
Before proceeding, we should emphasize that the charge of original electrons c is only carried by the f fermion sinceτ
x is a real operator and cannot carry the electromagnetic U (1) charge. Therefore, the quantized Hall conductance σ H = e 2 h obtained from H f is the true one.
B. The edge-state of the Chern insulator and the Z2 fractionalized Chern insulator
The single particle Green's function for the physical electron is defined by G(x, t) = −i T c(x, t)c
0) . Since the f fermion and Ising fieldτ
x are decoupled as can be seen in Eq.(12), one has G(x, t) = −i T f (x, t)f † (0, 0) Tτ x (x, t)τ x (0, 0) . Recalling that the edge-state for f fermion is described by Eq.(10) while the low-energy effective description of the Ising fields is the ϕ 4 theory, the Green's function for the physical electron in the edge will behave as
ϕ is the Green's function of 1+1D ϕ 4 theory which may describe the Ising field excitation near the edge. When the system is in the Z 2 fractionalized Chern insulating state (the Ising field is in its paramagnetic phase), G 2 ϕ should show a gap, which leads to a gap for physical electrons and G(x, t) decays out for long time and distance. In contrast, when one considers the usual Chern insulating state, the Ising field is ferromagnetically ordered in this case, thus we may have G 2 ϕ ∝ constant, which means that the physical electrons will have the same behaviors as the f fermion G(x, t) ∝ 1 x−vt . Interestingly, if the Ising field is critical (this case is realized when the bulk is at its quantum transition point.), the Green's function of physical electrons in the edge will behave as
with
denotes the anomalous dimension of the 2D classical Ising model and c is the edge-velocity for the Ising field.) In the long distance limit, we have G(x) ∝ x −5/4 , which decays more rapidly than the free electron G(x) ∝ x −1 . The corresponding local density of states is N (ω) ∝ |ω| 1/4 . In some sense, such explicit Luttinger liquid behaviors, which could be measured by local differential conductance in scanning tunneling microscopy (STM), may be used to locate the exact position of quantum critical point of the system, although the bulk critical fluctuations will dominate in the case.
We should emphasize that although the single electron excitation is gapped in the edge-state of Z 2 fractionalized Chern insulator, the static and dynamical density-density correlations are still gapless in those edge-states as what have been shown in Ref. [17] . 61 This point can be seen as follows. The physical static density-density (charge) correlation function in the mean-field approximation reads c
. Since f fermion is gapless in the edge, the static density-density correlation is expected to be gapless. For models including the spin degree of freedom, (Those models will be presented in next section.) the static spin-spin correlation will also show the gapless behavior in the edge-state of Z 2 fractionalized states. For the case of the dynamical two-particle correlation function, e.g. the dynamical densitydensity correlation c
, should also be gapless. After all, the edge state of physical electrons clearly show distinct behaviors in the Chern insulating and the Z 2 fractionalized Chern insulating states. Therefore, one can check the behaviors of the single electron excitation in edge-state to identify those two insulating states in generical models.
IV. EXACTLY SOLUBLE MODELS WITH SPIN DEGREE OF FREEDOM A. Extension to include spin degree of freedom
Since most real models have the spin degree of freedom, it is crucial to include this element in our model. A simplest extension is to double the Haldane model part, which means electrons carrying different spin-flavor are not interacting at all.
Since electrons with different spins do not interact, properties of this model is identical to Eq. (1) expect for doubled quantized Hall conductance and two chiral edgestates. For completeness, we also write down the dual Hamiltonian, which can be readily derived in terms of the same treatment in last section.
The next extension for including the spin degree of freedom is to replace the Haldane model part by the wellknown Kane-Mele model,
where the next-nearest neighbor hopping term is spindependent, which mimics the spin-orbit coupling effect in the real materials. The corresponding dual Hamiltonian reads
For this model, we expect that the system can show two distinct phases, one is the usual topological insulator (quantum spin Hall insulator)( τ
= 0) and the other is the Z 2 fractionalized topological insulator ( τ x i = 0). These two phases will have no quantized charge Hall con-
). For the Z 2 fractionalized topological insulator, its low-energy properties are described by the same pure gauge-field theory as what has been discussed in previous sectioñ
For their edge-states, the usual topological insulating states has the helical edge-state
and this gapless edgestate is protected by the time-reversal symmetry. For the case of the Z 2 fractionalized topological insulator, the single particle excitation of physical electrons in the edge-state is gapped due to the massive Ising spin field τ x .
Besides, when the system is critical, the edge-state for the physical electrons has the behavior described by Eq. (13) with two spin-flavors. One may write down the corresponding Luttinger liquid Hamiltonian for such critical case
where u denotes the non-universal velocity and K is the Luttinger parameter. The fermion (electron) operator is defined by ψ σ (x) ∝ e −i(φ(x)−σθ(x)) . One may find that the Luttinger parameter K = 2 or K = 1/2 both can reproduce power-law behavior of the electron Green's function. However, generally, K > 1 means the electrons are very likely to be pairing and considering no such instability exists in the original model, we conclude one should choose K = 1/2 and the local density of state for the physical electrons is N (ω) ∝ |ω| 1/4 . The related momentum distribution function of physical electrons is n(k) ∼constant+|k| 1/4 sgn(k) and one clearly sees no jump appears near the Fermi momentum (k = 0). The density-density correlation in this edge-state is easy to find and it decays as 1 x in the large distance limit while the free electron case gives a 1 x 2 behavior. In Ref. [14] , authors argued the existence of the fractional topological insulators, which can be realized by requiring that the two spin species in the usual topological insulator each form fractional quantum Hall states. The name "fractional" topological insulators results from the natural extension of the usual fractional quantum Hall effect and its corresponding topological order is expected to be the similar one in the fractional quantum Hall states. For our Z 2 fractionalized topological insulator, we have the Z 2 topological order and do not involve the fractional quantum Hall-like objects. Thus, we think that the Z 2 fractionalized topological insulator is different from the fractional topological insulators proposed in Ref. [14] . In Ref. [17] , an unusual Z 2 gapped states (fractionalized quantum spin Hall state (QSH * )) is discovered by using the Z 2 slave-spin mean-field approximation on the honeycomb lattice. Such state is stable when local repulsive energy and spin-orbit coupling are both strong and it has quantized spin Hall conductance as the Z 2 fractionalized topological insulator studied in the last subsection. In the low-energy limit, QSH * is described by a pure Z 2 lattice gauge theory while the Z 2 fractionalized topological insulator can also be described the pure Z 2 gauge theory. (One may simply discard the electrons c in Eq.(15) since they cannot contribute singular correction to the Z 2 gauge fields.) Furthermore, the single electron excitations in edge-states for QSH * and the Z 2 fractionalized topological insulator are gapped. Therefore, we may think the Z 2 fractionalized topological insulator found here is similar to the QSH * state in Ref. [17] . In some sense, our model may provide a possible realization for QSH * state in exactly soluble models.
V. EXTENSIONS AND DISCUSSIONS
A. Relation to the real microscopic models
The models Eqs. (1), (14), (16) introduced in the present paper have the Z 2 gauge field part, which is rather artificial and dose not appear in many real models for condensed matter physics. Therefore, it is important to find some real and simple models which can provide the similar states as what have been found in our main text.
The first model is the topological Hubbard model on the honeycomb lattice at half-filling,
where n i = σ c † iσ c iσ , U is the onsite Coulomb energy between electrons on the same site and t is the hopping energy between nearest-neighbor sites. Since we are interested in the case of half-filling, the chemical potential has been set to zero.
Then in terms of Z 2 slave-spin representation, 51,52 the physical electron c σ is fractionalized into a new slavefermion f σ and a slave-spin τ x as c iσ = f iσ τ x i with a constraint τ
2 enforced in every site. Under this representation, the original Hamiltonian can be rewritten as 
where the effective mass has been defined as m a=(0,0) = 4t ′ − m 2 and m a=(π,π) = 4t ′ + m 2 when 4t ′ close to |m 2 |. If m 2 ≃ 0, m a=(π,0) = m a=(0,π) = m 2 . We note the effective Dirac theory only has two-flavor, thus C 1 can take only 0, ±1. Other properties are all similar to the case of the previous discussion and we will not present them here.
C. The model for the topological superconductor
We have discussed the usual/fractionalized Chern/topological insulators in the previous sections and one may also expect topological superconductor-like states may be described by similar models in the main text. However, the exactly model is unable to construct because the superconducting pairing is a many-body effect and we have to rely on some mean-field treatment. A straight way to obtain a topological superconductorlike state is to introduced attractive local interaction (25) . According to Ref.
[60[, assuming a s-wave paring and solving the corresponding mean-field self-consistent equation for the superconducting order parameter, one can obtain an effective p + ip chiral superconducting phase with non-zero Chern number C 1 . More details can be found in Ref. [60] . Then, combing the electron part with the Z 2 gauge-field, we expect there exists a transition from the chiral superconducting phase to the Z 2 fractionalized chiral superconductor.
D. Relation to the fractional Chern insulators
It is also interesting to discuss the relation of Z 2 fractionalized Chern insulators in our paper to the fractional Chern insulators in Refs. [32] [33] [34] [35] [36] . We note that in their model, the filling of electrons is fractional, thus the system is metallic without introducing interactions while our case is insulating since half-filling is explicitly assumed. To achieve the fractional quantum Hall-like states, the noninteracting part of the Hamiltonian is finely tuned into nearly-dispersionless (flat) as the case for the flat Landau levels in the classic fractional quantum Hall effect. Then, including the effect of certain proper interactions leads to fractional quantum Hall-like states found in their sophisticated numerical calculation. For our models, the Landau levels-like element is not involved, thus we do not require the flat band condition. The fractionalized insulating state in our models will have Z 2 topological order in contrast to the m-fold (m = 1/ν with ν being the particular fractional filling) topological degeneracy in the fractional quantum Hall-like states. In other words, on a torus, Z 2 fractionalized Chern insulators discussed in the main text have four degenerate ground-states while m degenerate ground-states appear in the fractional Chern insulators. Therefore, these two kinds of fractionalized states are quite different in their nature and it seems still a challenge to construct even artificial exactly soluble models for such fractionalized Chern insulators.
E. Relation to the orthogonal metals
The orthogonal metals are metallic in their original definition but it can also extend to gapped phases.
45-48
When such extension is made, one expects a fractionalized state and a non-fractionalized counterpart. These two phases should have the same bulk thermal and transport properties. From the discussion in the previous sections, we realize that the Z 2 fractionalized Chern/topological insulators in exactly soluble correlated models can correspond to the fractionalized state and the usual Chern/topological insulators relate to the nonfractionalized ones in orthogonal metal-like states. In the sense of orthogonal metals, the Z 2 fractionalized Chern/topological insulators can also be dubbed as orthogonal Chern/topological insulators since bulk thermal (gapped excitations) and transport properties (quantized charge/spin Hall conductance) are identical with single particle excitation different. An extra element for the present orthogonal Chern/topological insulators, which is not noticed in original studies, [45] [46] [47] [48] comes from their edge-states for physical electrons as shown in the cases for the square and honeycomb lattices.
F. Relation to the realistic materials or systems
It is important to find which realistic materials may realize the proposed fractionalized Chern/topological insulators.
We think that the fractionalized Chern/topological insulator we proposed may be found in systems with strong spin-orbit coupling and strong electron-electron interaction, however, the current topological insulator materials is well described by single electron approximation. Thus, usual solid state materials are not good candidates and we have to suspect that the versatile cold atom system may have an opportunity to realize the proposed fractionalized Chern/topological insulator in future.
VI. CONCLUSION
In summary, we have propose certain exactly soluble models which support Z 2 fractionalized Chern/topological insulators besides the usual Chern/topological insulating states.
The bulk behaviors of physical electrons are similar in these two states but the edge-states of physical electrons have rather different behaviors, which provides a definite signature to identify the fractionalized states from the non-fractionalized ones. Besides, the transition from the usual Chern insulator to the Z 2 fractionalized Chern insulator is found to fall into the usual 3D Ising universal class.
Moreover, we have inspected relations to the QSH * in Ref. 17 and have made an extension to the case of the square lattice. For the specific case of the square lattice, we expect that a chiral topological superconducting phase and its Z 2 fractionalized version may appear when the attractive local interaction is introduced. We also provide intimate link of our exactly soluble models to various more real lattice models without intrinsic degree of freedom for gauge fields. In terms of the Z 2 slavespin mean-field approximation, 51, 52 we have suggested that similar fractionalized states found in our present paper may appear in those lattice models. The relation of Z 2 fractionalized Chern insulators found in the main text to the fractional Chern insulator Refs. [32] [33] [34] [35] [36] is inspected, which implies that these two kinds of fractionalized states are quite distinct in their nature. We also provide some discussion on the relations to orthogonal metals [45] [46] [47] [48] and fractional topological insulators.
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The present work may be helpful for further studies on the fractional Chern/topological insulator and the related novel strongly correlated quantum phases. After the completion of this work, we are aware of the work of Maciejko and Rüegg 61 , who study the Z 2 fractionalized Chern insulators (also called CI * in their paper) and have obtained similar conclusion with our results.
simply neglect the effect of the constraint, the quantum transverse Ising model will have two phase characterized by the Landau local order parameter τ 
where a ferromagnetic coupling h > 0 is assumed and J represents the the transverse external field. At first glance, one may directly use the coherent state of spin operators in constructing the path integral representation, (One can find a brief but useful introduction to this issue in Ref. [2] ) however, this will lead to an extra topological Berry phase term and is not easy to utilize practically. An alterative approach is to use the eigenstates of spin operator τ x or τ z as the basis for calculation. 62 One will see this approach is free of the topological Berry phase term and give rise to a rather simple formalism. Therefore, to construct a useful path integral representation, we will follow Ref. [62] .
First of all, we consider the orthor-normal basis of N sIsing spins as |σ ≡ |σ 1 |σ 2 |σ 2 · · · |σ N (B2) with σ i = ±1 and define
Then the partition function Z = T r(e −βĤ ) can be represented as aǫ . Moreover, in the effective theory, φ corresponds to τ z while τ x gives the kinetic energy term in imaginary time. Then, the standard φ 4 theory is obtained by relaxing the hard constraint φ 2 = 1 while introducing a potential energy term,
where r, u are effective parameters depending on microscopic details. For the case of the honeycomb lattice, since only the modes near the minimum energy region of the band are involved in low-energy limit, the quantum Ising model on the honeycomb lattice can also be described in terms of the above ϕ 4 theory in spite of its bipartite feature. 8π|m| ǫ µνλ q λ is calculated at one-loop level. We have also used the identity T r(γ µ γ ν γ λ ) = 2iǫ µνλ with γ 0 = τ z , γ 1 = τ x and γ 2 = τ y while
